
STA9890 - Test 1 - Formula Sheet
Linear Algebra:

• A n-vector is an ordered set of n (real) numbers: x = (x1, x2, . . . , xn), with addition x + y = (x1 + y1, x2 +
y2, . . . , xn + yn) and vector (inner / dot) product: x • y = x⊤y =

∑n
i=1 xiyi

• Vector norms: ∥x∥p = p
√∑n

i=1 |xi|p with ∥x∥∞ = maxi{|xi|} and ∥x∥0 = Number of non-zero elements of x

• An m× n matrix is a 2D array of real numbers with m rows and n columns:

A =


a11 a12 . . . a1n
a21 a22 . . . a2n
...

... . . . ...
am1 am2 . . . amn


• A matrix-vector product takes an n-vector as input and gives an m-vector as output:

Ax = (A1· • x,A2·x, . . . ,Am· • x) ∈ Rm

• We can multiply an m× n matrix with an n× p matrix - note that the ‘inner’ dimensions must match:

AB =


A1· • B·1 A1· • B·2 . . . A1· • B·n
A2· • B·1 A2· • B·2 . . . A2· • B·n

...
... . . . ...

Am· • B·1 Am· • B·2 . . . Am· • B·n

 ∈ Rm×p

Consider n-vectors as one-column matrices to make all of these definitions consistent. Requiring the dimensions in
multiplication to align is a good way to verify linear algebra claims. (E.g., AA does not work for non-square A)

• A matrix inverse satisfies AA−1 = A−1A = I. Only full-rank square matrices have inverses

• An (square) orthogonal matrix Q satisfies Q⊤ = Q−1. If we take the first n′ ≤ n columns (rows) of an orthogonal
matrix we have Q1:n′·Q

⊤
1:n′· = In′×n′ so it’s transpose-inverse along the ‘short-side’

• Any matrix A ∈ Rm×n has a singular value decomposition: A = UDV ⊤ where r = min{m,n}, D is a non-negative
diagonal r × r matrix, U ∈ Rm×r is the first r columns of an orthogonal m×m-matrix, and V ∈ Rn×r is the first
r columns of an orthogonal n× n matrix

• Distributive rules: (AB)⊤ = B⊤A⊤ and (AB)−1 = B−1A−1 (if all defined)

Matrix Calculus:

• Quadratics: f(x) = x⊤Ax =⇒ ∇f(x) = 2Ax; f(x) = ∥x∥2 = 2x

• Chain rule: g(x) = f(Ax) =⇒ ∇g(x) = A⊤(∇f)(Ax)

Convexity:

• A function f : Rp → R is convex if

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y) for all λ ∈ [0, 1],x,y ∈ Rp

If f is convex and second-differentiable at a point, its second derivative matrix is positive semi-definite

• A set C ∈ Rp is convex if

x,y ∈ C =⇒ λx+ (1− λ)y ∈ C for all λ ∈ [0, 1],x,y ∈ Rp

• If ∇f(x∗) = 0 for convex f(·), then x∗ is a global minimizer of f(·)

Gradient Methods:

• Given an optimization problem minx∈C f(x), gradient descent works by repeating the following update:

x(k+1) → x(k) − c∇f(x(k))

If c > 0 is sufficiently small and C = Rp, x(k) will converge to a minimizer of f
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